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RICCI FLOW AND BIRATIONAL SURGERY 



JIAN SONG 



Abstract. We study the formation of finite time singularities of the Kahler-Ricci flow in 
fT^ , relation to high codimensional birational surgery in algebraic geometry. We show that the 

Kahler-Ricci flow on an n-dimensionl Kahler manifold contracts a complex submanifold P™ 
^3 I with normal bundle ©"r™Cpm(— aj) for aj G Z+ and ^"I^ aj < m in Gromov-Hausdorff 

^^ . topology with suitable initial Kahler class. We also show that the Kahler-Ricci flow resolves 

5— ( ' a family of isolated singularities uniquely in Gromov-Hausdorff topology. In particular, we 

V^, construct global and local examples of metric flips by the Kahler-Ricci flow as a continuous 

■^^ ■ path in Gromov-Hausdorff topology. 
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1. Introduction 

In his seminal work |13l I14j . Hamilton introduced the Ricci flow to study the global 
structures and classification of Riemannian manifolds. In general, the Ricci flow may develop 
singularities in finite time. Hamilton conjectured that in the three dimensional case, the 
Ricci flow should break the manifold into pieces near singular times by topological surgery 
and the flow can be continued on the new manifolds. Such a program for Ricci flow with 
surgery eventually leads to the complete proof of Thurston's geometrization conjecture for 
3-manifolds by Perelman's fundamental work [25l [261 [271 HI [HI [23] • It was further suggested 
by Perelman that the Ricci flow should carry out surgeries through singularities in some 
intrinsic and unique way as referred to as canonical surgery by the Ricci flow. 
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2 JIAN SONG 

There has been extensive study for the Ricci flow in the setting of Kahler manifolds, 
following Yau's solution to the Calabi conjecture [60]. The Ricci flow preserves the Kahler 
condition, i.e., if the initial metric is Kahler, then the smooth solution of the Ricci flow is 
also Kahler. Let {X,ujq) the a compact Kahler manifold with dinic^ = n > 2 and go be a 
Kahler metric on X. We consider the Kahler- Ricci flow, 

(1-1) -q:9 = -Ric(5'), 9\t=o = 90, 

where g = g{t) is the metric associated to its Kahler form w(t) and Ric(a;) = — V— Ic^^logo;" 
is the Ricci curvature of w. The flow always has short time existence and admits a smooth 
solution on [0,t], if and only if, the cohomology class of uj{t) given by [w(t)] = [cjq] + t[Kx\ 
is Kahler. The first singular time T is characterized in [53| by 

(1.2) T = sup{t G M I [wo] + t[Kx] > 0}. 

Clearly T depends only on X and the initial Kahler class [u)o], satisfying < T < oo. 

The necessary condition for a Kahler manifold X to admit a smooth Kahler-Einstein 
metric is that the first Chern class of X is definite or vanishing. It was shown in [3J that the 
Kahler- Ricci flow always converges exponentially fast to a Kahler-Einstein metric if the first 
Chern class is negative or vanishing. When the first Chern class is positive, the convergence 
to a compact Kahler- Ricci soliton is known under certain assumptions [28l [35l [Ml [HI [29l [30l 
[3 [55| [52t [8]. One would hope that the Kahler- Ricci flow should deform any initial Kahler 
metric to a Kahler-Einstein metric, however, most Kahler manifolds do not admit definite or 
vanishing first Chern class and so the flow will in general develop singularities. An analytic 
minimal model program with Ricci flow was laid out in 02] to study such formation of 
singularities for the Kahler-Ricci flow on algebraic varieties. It can be viewed as an analogue 
of Thurston's geometrization conjecture for projective varieties. It is conjectured in [421 [51] 
that the Kahler-Ricci flow will either deform a projective variety X of nonnegative Kodaira 
dimension, to its minimal model via finitely many divisorial metric contractions and metric 
flips in Gromov-Hausdorff topology, then eventually converge to a unique canonical metric 
of Einstein type on its unique canonical model. The existence and uniqueness is proved in 
[42 ] for the analytic solutions of the Kahler-Ricci flow on algebraic varieties with log terminal 
singularities. Furthermore, the Kahler-Ricci flow can be analytically and uniquely extended 
through divisorial contractions and flips [42 1. The solution is in fact smooth outside the 
singularities of the underlying varieties and where the algebraic surgery takes place. However, 
very little is understood about the surgery in global and local Riemannian geometry. We 
believe that the algebraic surgery in birational geometry, analytic surgery by the parabolic 
complex Monge- Ampere equation and the Riemannian geometric surgery are all equivalent 
via Ricci flow: 

Algebraic surgery <;=^ Analytic surgery <^=^ Riemannian surgery. 

The notion of a canonical surgical contraction was first introduced in [45j, in which it was 
shown that the Kahler-Ricci flow indeed performs a canonical surgery by contracting smooth 
divisors P"^i with normal bundle Cpn-i(— 1) and the flow can be uniquely extended on the 
blow-down manifold in Gromov-Hausdorff topology. As an application, it implies that the 
Kahler-Ricci flow on a Kahler surface with any initial Kahler metric will perform a sequence 
of canonical surgeries contracting holomorphic embedded S'^ with self-intersection number 
— 1, until in finite time, either the minimal model is obtained or the volume of the manifold 
tends to zero [45 [ 147] . In [46], it is further shown that the Kahler-Ricci fiow blows down 
disjoint exceptional divisors P"^i with normal bundle 0-pn-i{—k) to orbifold points whenever 
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< A: < n. The hermitian extension of such surgical contractions is studied in }49^ [56l [57j for 
the Chern-Ricci flow. In [21], an alternative approach to understand the Kahler-Ricci flow 
through singularities is proposed in the frame work of Kahler quotients by transforming the 
parabolic complex Monge- Ampere equation into an elliptic y-soliton equation. 

The high codimensional contraction by the Kahler-Ricci flow is much more complicated 
because whenever the exceptional locus of the contraction has codimension greater than 1, 
the blow-down variety must be singular and in fact, the singularity cannot be Q-Gorenstein. 
The first example was constructed in [48] for the Kahler-Ricci flow with Calabi symmetry 
on projectivized bundles over a projective space. In such an example, the Kahler-Ricci flow 
contracts an holomorphic embedded P™ with normal bundle Opm(— 1)®("~™) to a singular 
point, if n/2 < m < n — 2. The blow-down variety is a projective cone over P™ x p"-^™-i 
in p(»"+i)("-"^)-i via the Segre embedding. Our first main result is to generalize the above 
example and apply the Kahler-Ricci fiow to contract embedded P™ with negative normal 
bundle to a point, in Gromov-Hausdorff topology. 

Theorem 1.1. Let X be a projective manifold of dime X = n and let g{t) he a smooth 
solution of the Kahler-Ricci flow \1-1\) for t G [0,T), starting from a smooth Kahler metric 
go with [go] £ H^''^{X,R) n H^{X,Q). Suppose that 

(1) E is a disjoint union of complex submanifolds P"* of X with normal bundle 

n—rii 

e"j"'C'pni(-aij), aij e Z+, ^ Ojj < Ui 

i=i 
fori = l,...,k; 

(2) the limiting Kahler class liiQt^T[git)] is the pullback of an ample class on the projec- 
tive variety Y from the birational morphism n : X ^ Y by contracting E. 

Then the following holds. 

(1) g{t) converges to a smooth Kahler metric g{T) on X\E in C°°{X \ E) as t ^ T; 

(2) The metric completion of {X \E,g{T)) is a compact metric length space homeomor- 
phic to Y. We denote it by (Y", d-r); 

(3) {X,g{t)) converges in Gromov-Hausdorff topology to (y, dr) as t ^ T . 

We remark that the blown-down variety Y in Theorem 11.11 must be singular if E, the 
exceptional locus of the contraction, has a component of codimension greater than 1. The 
condition (2) in the assumption of Theorem 11.11 can be easily met, for example, one can 
simply choose the initial Kahler class to be Oy(l) — eKx for sufficiently small e > 0. In 
particular, the conclusion in Theorem 11.11 only depends on the initial Kahler class [go] and 
does not depend on the choice of the smooth Kahler metric in [go]. 

The Ricci fiow is a nonlinear parabolic equation on a Riemannian manifold. One property 
for the heat equation is to smooth out the initial data. We should view the solution of 
the Ricci fiow as a pair (Xt,g{t)), because the evolving Riemannian metrics would possibly 
deform the underlying variety by creating and resolving singularities. When the divisorial 
contractions for a smooth divisor P"~i with normal bundle Opn-i (—1) take place, it is shown 
in ^45j, the fiow converges to a singular Kahler metric on the smooth blow-down manifold 
with isolated metric singularities, however, the fiow can be uniquely extended beyond the 
singular time by smoothing out the singular metric instantly. In such a case, the Kahler- 
Ricci fiow resolves the metric singularity without any surgery on the underlying manifold. 
When a high codimensional contraction takes place, the singularities of the blow-down variety 
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are not Q-Gorenstein and so the canonical divisor is not a Cartier Q-divisor. In this case, 
one cannot properly define Ricci curvature and therefore the Kahler-Ricci flow can not be 
extended through singularity without replacing the underlying variety by a unique model 
with minimal resolution of singularities. Various resolutions of singularities are constructed 
in [48j using Ricci curvature or Ricci flow for a family of projective varieties with large 
symmetry. Our next result is to show that the Kahler-Ricci flow indeed resolves singularities 
in Gromov-Hausdorff topology uniquely. 

Theorem 1.2. Let Y be a projective variety 0/ dime 1" = n with isolated singularities 
pi,...,Pk- Suppose that 

(1) IT : X ^ Y is a resolution of singularities along pi, ...,pk with 

7r-i(p,)=lP"% l<n, <n-2; 

(2) the normal bundle of P"* in X is 

n—rii 

e"^f^C'p",(-aij), aij e Z+, ^ Ojj > Ui. 

i=i 

Let go be a smooth Kdhler metric on Y , i.e., go is locally the restriction of a smooth Kdhler 
metric for a local embedding of Y in some C^. Then there exists a unique smooth solution 
g(t) of the Kahler-Ricci flow on X for t G (0, T) for some T £ (0, 00] satisfying 

(1) g{t) converges to go on X \ E in C°°{X \ E), where E = U*LiP"%- 

(2) {X,g{t)) converges in Gromov-Hausdorff topology to {Y,go) as t ^ 0. 

Both Theorem 1 1 . 1 1 and Theorem ll.2l can be generalized to a more general setting of Morelli- 
Wlodarczyk birational cobordisms for Mumford's quotients [23^ I59j . We consider the C* 
action on C"^+'-+'^ defined by 

C* : (A, (xo,...,x„;yo, -,?//)) ^ (A-'^''xo, A'^ixi, ..., A-'^™x^; A^Oyo, -, A^'^y/), 
where (ao, ...,am,bo, ..., 6/) € Z+ and g.c.d{ao, ■■■,am, bo, •••, bi) = 1. We define 
£- = (^C"+'+2 \ {x = 0}) /C*, £+ = (c"'+^+^ \ {y = 0}) /C*. 

When oo = ai = ... = am = &o = ••• = bi = I, if I = 0, 

£- = Op™(-l), £+ = C"'+\ 
and if Z > 1, 

In section 5, we prove much more general results (Theorem 15.21 and Theorem 15. 3p . show- 
ing that the conclusions in Theorem 11.11 and Theorem 11.21 both hold whenever locally, the 
neighborhood of the algebraic exceptional locus is isomorphic to a flip induced by Mum- 
ford's quotients. We also remark that our techniques can be easily modifled to obtain the 
metric flops and metric geometric transitions for Calabi-Yau orbifolds in the local setting of 
Mumford's quotients as in [33l [371 [M] . 

More interestingly, we could like to strengthen Theorem 1 1.2 1 for more singular initial metrics 
so that one can combine Theorem 11.11 and Theorem 11.21 to produce global metric flips by the 
Kahler-Ricci flow. Let us recall the deflnition for a flip (c.f. [15|I18]). 
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Definition 1.1. Let (j).. : X ^ Y be a birational morphism with exceptional locus of codi- 
mension greater than 1 such that —Kx is Q-Cartier and 4>--ample. Then a variety X^ 
together with a birational morphism (pj^ : X'^ -^ Y is called a flip of X~ if Kx+ is Q-Cartier 
and <f>^-ample as in the following diagram 

X- - X+ 



<P+ 



Y 



The exceptional locus of (/>_ and (/>+ are where (j)- ^-nd 0+ are not isomorphisms. Both 
(/)_ and 0+ contract subvarieties of codimension greater than 1, hence Y always admits 
singularities, in particular, Ky is not a Q-Cartier divisor. We hope to relate flipping surgery 
in birational geometry to metric surgery by the Ricci flow in Riemannian geometry. First, 
we define the following surgical metric flip by the Kiihler-Ricci flow similar to the surgical 
metric divisorial contraction defined in f45]. 

Definition 1.2. Suppose X~ and its flip X^ are smooth projective varieties. The exceptional 
locus of <p- and </>_(_, E~ and E~^ , are subvarieties of X~ and X~^ of codimension > 2. The 
Kdhler-Ricci flow is said to perform a surgical metric flip at t = T as in the following the 
diagram 




iY,dT) 

if the following holds. 

(1) There exists a smooth solution g{t) on X^ for t £ {T^,T) such that 

• the metrics g{t) converge to a smooth Kdhler metric g{T) on X^ \ E^ in 
C°°(X- \E-) ast^T"; 

• the metric completion of (X~ \E~ , g{T)) is a compact metric length space home- 
omorphic to the projective variety Y . We denote it by (Y^dx); 

• (X^,g(i)) converges to {Y^dx) in Gromov-Hausdorff topology as t ^- T~ . 

(2) There exists a smooth solution g{t) on X^ for t G {T^T^) such that 

• the metrics g{t) converge to g(T) on X'^ \ E^ in C°°(X^ \ E^) as t ^ T~^ ; 

• {X^,g{t)) converges to (Yjdx) in Gromov-Hausdorff topology as t ^)- T^ . 

We would like to remark that Definition 11.21 can be modified when X^ and X^ have 
orbifold and more generally log terminal singularities. 

Unfortunately, we are unable to show at the moment that the Kahler-Ricci flow perform 
a surgical metric flip in the assumption of Theorem 11.11 or more general assumptions in 
Theorem 15.21 because Theorem ll. 21 requires the initial metric to be smooth. However, we can 
apply the estimates in the proof of Theorem 11.11 and Theorem 11.21 to a family of projective 
manifolds with large symmetry considered in [38] and show that the Kahler-Ricci flow indeed 
performs surgical metric flips if the initial Kahler metric is appropriately chosen. To be more 
precise, we consider a projective toric manifold 
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for m > and I > 1 and let n = dinicXm,i = m + I + 1. X^fi is exactly p™+i blown up 
at one point. X^^i does not admit a definite or vanishing first Chern class when m < I and 
Xm,i is Fano if and only if m > /. Xm,i has a special subvariety Efn,i of codimension m + 1, 
defined as the zero section of the projection F{Opm © Opm(— 1)®''+-'^)) — ;• P"*. There exists a 
morphism 

(1.3) ^m,l ■■ Xm,l ^ P(™+1)('+1)-1 

which is an immersion on Xfn,i \ Em,i and contracts Em,i to a point. Ym^i, the image of Xm,i 
via (l)rn,i is smooth if and only if Z = and then 1^,0 is simply p™+i. When I > 1, Ym,i 
has an isolated cone singularity where Em,i is contracted. In particular, Ym^i = Yi^m is the 
projective cone in pl^+iJC+i)-! over P™ x P' via the Segre embedding for / > 1. It is also 
well-known that X^^i and Xi^^ are birationally equivalent for / > 1, and differ by a flip for 
m 7^ I and a flop when ra = I. We can define a family of U{1 + l)-invariant Kahler metrics 
on Xm,i satisfying the so-called Calabi symmetry [2j (see section 2.1). 

Theorem 1.3. Let g[t) he the solution of the Kdhler-Ricci flow il.l\) on X^^i with < I < m 
and an initial Kahler metric go satisfying the Calabi symmetry. The flow must develop 
singularity att = T for som,e T < cx). Let V{t) = J^ dVolg^t^ he the volume of {Xra,i-,g{t)). 

(1) // limsup^^y rrpkrn-i = oo , theu the Ricci flow perform a surgical metric flip at 
t = T as in Definition \l.S[ 

(2) If lira sup^^rp ,rp_j:\L-i G (0, oo), then the Ricci flow converges to P™ coupled with a 
multiple of the Fubini-Study metric on P™ in Gromov-Hausdorff topology as t ^ T. 

(3) //limsupj_^y (x-t)rn-i = 0; then the Ricci flow becomes extinct at t = T. 

We remark that (2) and (3) in Theorem 11.31 were proved in [38j. The Kahler- Ricci flow on 
Xm,i will eventually converge to a point in finite time for any initial Kahler metric satisfying 
the Calabi symmetry, after a flip or collapsing to P™. The Gromov-Hausdorff surgery by 
the Kahler- Ricci flow reflects the deformation of the global structure in both algebraic and 
differential geometry. However, the Gromov-Hausdorff topology is rather weak and we would 
like to understand the asymptotic microlocal structure of the surgery. This is usually studied 
by blowing up the solution near the singularity by parabolic dilation. In the case of P" 
blow-up at one point, if the initial Kahler metric is invariant under U{n) action and the 
total volume does not tend to 0, it is shown in [37] that the Kahler- Ricci flow must develop 
Type-I singularity and the blow-up limit is a complete shrinking gradient Ricci soliton on a 
Kahler manifold diffeomorphic to C" blow-up at one point. This suggests that the surgery 
performed by the Ricci flow is indeed the most optimal procedure to deform the underlying 
variety by blowing down a family of self-similar shrinking Ricci solitons. More generally, 
the Kahler-Ricci flow with Calabi symmetry must develop Type-I singularity for any initial 
Kahler metric with Calabi symmetry [n\ Ul [IT]. In fact, we conjecture that all smooth 
solutions of the Kahler-Ricci flow on Kahler surfaces can only develop Type-I singularities if 
it becomes singular in finite time. This leads to a more general speculation that the smooth 
Kahler-Ricci flow can only develop Type-I singularities for generic initial Kahler class. 

The local models for contracting an exceptional divisor P"~i with normal bundle Opn-i {—k) 
for < fe < n is constructed in [lOj by solving nonlinear ODEs. Furthermore, it is shown in 
|10| that there exists a family of complete shrinking gradient Kahler-Ricci soliton g{t) on the 
total space of Opn-i(— /c) for t < and {0^n~i{—k),p,g{t)) converges in pointed Gromov- 
Hausdorff topology for any p in the exceptional divisor, to a cone metric on C^/Z^ and then 
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can be uniquely extended in pointed Gromov-Hausdorff topology by a family of complete 
expanding gradient Kahler-Ricci solitons g{t) on C"/Zfc for t > 0. The above phenomena 
can also be generalized to the local flip model to understand the microlocal structure of a 
surgical metric flip by Ricci flow. The following proposition is essentially due to Li [22] by 
generalizing the results of p^, showing how the Kahler-Ricci flow should flow through flips 
locally. 

Proposition 1.1. Let £- = Opm(-l)®('+i) and 8+ = C'p,(-l)®('"+i) for 1 < I < m. Then 
£■+ is the flip of £^ by 

(j)- : £" ^ £ ^ £^ : (j)+ 

with £ being the affine cone overW"^ x P' in C''™+^''-'+^'. Then there exists a unique triple 
{(£:-, 5-(t)), tG(-oo,0); i£,g^y, {£+,g+{t)), tG(0,oo)} 

such that 

(1) (£^ ,g^{t)) is a smooth solution of the Kahler-Ricci flow induced by a complete shrink- 
ing gradient Kahler-Ricci soliton with Calabi symmetry; 

(2) (iS+, (7+(t)) is a smooth solution of the Kahler-Ricci flow induced by a complete ex- 
panding gradient Kahler-Ricci soliton with Calabi symmetry; 

(3) {£,gg) is a sub-cone in C^'""'"^-'^'^"'^^ equipped with the cone metric ^J —ldd{\z\'^^) for 
a unique A = X{m,l) £ (0,1); 

(4) The triple is a smooth solution of the Kahler-Ricci flow on 

£' X (-00, 0) U ^ X {0} U f + X (0, oo). 

It performs the surgical metric flip at t = in pointed Gromov-Hausdorff topology by 
choosing a base point p- G E~ for £~^ and p+ G E~^ for £~^ , where E~ and E~^ are 
the exceptional locus of 4>^ and (^+ . 

In section 6, we conjecture that for any flip (p- : X^ -^Y^ X^ : (pj^ between two normal 
projective varieties with log terminal singularities, the flip can be realized by a continuation 
of a complete shrinking gradient soliton and a complete expanding gradient soliton through a 
tangent cone of Y . This can be viewed as a metric uniformization for algebraic singularities 
arising from divisorial contractions and flips. 

2. Local ansatz 

2.1. Calabi ansatz. In this section, we will apply the Calabi ansatz introduced by Calabi 
[2] (also see [221 HH]) to understand the small contraction near the exceptional locus. 

Let £ = C'pm(-l) e C'p™(-1) e ... e C'p-(-I) = C'p™(-1)®('+^) be the holomorphic 
vector bundle over P™ of rank / + 1. Let z = {zi,Z2, ■■■, Zm) be a fixed set of inhomogeneous 
coordinates for P™ and 

e = ^/^aaiog(l + |zp) G [Opr^il]] 
be the Fubini-Study metric on P*" and h be the hermitian metric on C'pm(— 1) such that 
Ric(/i) = —9. This induces a hermtian metric kg on £ is given by 

/i^ = /i®('+i). 
Under a local trivialization oi £, we write 

eP = he{zM\\ C = (Co,ei,-,6), 
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where /if(-z) is a local representation for h^ with /if (z) = (1 + \z\^). 
Now we are going to define a family of Kahler metrics on £ as below 

(2.4) u = ae + y/^ddu{p) 

for an appropriate choice of convex smooth function u = u{p) and a > 0. In fact, we have 
the following criterion due to Calabi [2] for the above form a; to be Kahler. 

Proposition 2.1. oj defined as above, extends to a global Kahler form on £ if and only if 

(a) a > 0, 

(b) u' > and u" > for p E (— oo, oo), 

(c) Uo{eP) = u{p) is smooth on (— oo,0] with Uq{0) > 0. 

Straightforward calculations show that 

(2.5) uj = {a + u'{p))e + h£e'P{u'6a,p + h£e-P{u" - u')^^^)^^ A V^^. 
Here, 

and {(i2;*,V^"}j=i^...^m,a=i,. ..,/+! is dual to the basis 



dzi ^ dzi ^^ 5^°' ae 



a 



Q = 

Let L = Ofm[—l). Then E = L®^^^^\ Let pa ■ £ ^ L he the projection from £ to its ath 
component, and let e^" = (1 + |-zp)|CaP and so e^ = Yla=o^''°'- 

2.2. Algebraic local models. From now on, we assume that 1 < I < m. We let 

£- = Op™ (-!)('+!), £+ = Op,(-l)(™+i). 

Let E~ be the zero section of £^ , which is a projective space P"^ with normal bundle 
Opm(— 1)®('+-^). We define E~^ as the zero section of £~^ similarly. By contracting E~ , 
one obtains the variety £ with only one isolated point as singularity. Let w = {wi,W2, ■■■,wi) 
and r] = (r/o,f?i, ...if/m) be the coordinates with a local trivialization defined on £~ as in 
section 2.1. Then there exists a flip from £~ to £'^ 

£^ - £+ 

(2.6) \ / 

£ 

where £ is an affine cone over P™ x P' in C^'"^"'^'^'^"'^^ by the Segre embedding of 

(2.7) [Zo,...,Z„] X [Tyo,-,H^d elP"" xP' ^ [ZoPFo...,Z,H^,-,...,Z„H^,] GP(™+i)('+i)-i. 

(j)- and 0+ are isomorphisms outside E^ and E^ . The birational flip (j) can be viewed as 
change of coordinates as below 

(2.8) zi = —, Z2 = — , ... , Zm = — ; Co = Vo, 6 = wirjo, 6 = W2V0, •■• , 6 = w^/%, 

% Vo Vo 

or 

(2.9) 

-u^i = T^ ^2 = T^ ■■■ ^ wi = —; r]o = ^q, % = Co, ^1 = ^iCo, % = ^2^0, ••• , ^m = ^^mCo- 
Co Co ?o 
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We also have 
(2.10) 



p = log(l + |z|2)|^|2 = log(l + 1^1 



Let £ be the blow-up of £ along the zero section E . £ can also be obtained by the 
blow-up of £~^ along E^ . Then we have the following commutative diagram from section 1.9 



m 



m 



£- 



£ 



£' 



(2.11) 



p- , p+ 



7r+ 



For fixed [^] = [l,w] G P , the proper transformation of ('/r+) ^([^]) via ^ is a smooth 
variety LZ, given by 

(2.12) L-^:C = Uhw). 

Similarly, for fixed [t]] = [1, z] € P™', we define the smooth variety L7~-, as the proper trans- 
formation of (7r+)^^ via (j) given by 

^tv] ■V = Voil,z). 

The relation between LZ-i and LT", can be understood in the following lemma. In section 3, 
we will estimate the evolving metrics by the Kahler-Ricci flow for the holomorphic foliations 
L^, and Lf, parametrized by [^] G P' and [rj] G P"^. 

Lemma 2.1. For any [^] € P and [rj] S P"^, LZ-, and L^, are isomorphic to C"*^"^ blow-up 
at one point and C'^^ blow-up at one point respectively. In particular, 



and 
Furthermore, 



^m ^ ^w\ 



L+ n L 



--E~,if [ei/riGip' 



^K] ^ ^H 



C 



and it is the line in C"^+^ generated by a multiple of S, or the line in C^+^ generated by rj. 

2.3. Analytic local forms. In this section, we will compare various local forms with Calabi 
symmetry. The pointwise comparison will be useful in proving estimates in section 3. We 
keep the notations in section 2.2. Let 

e^ = ^/^a9iog(i + |zp), e+ = ^/^a9iog(i + i^p) 

be the Fubini-Study metrics on P™ and P'. 

We now fix a smooth closed (1, 1)- form a) on £~ by 

cj = V^ddeP = V^ddil + \z\'^)\Cf 

= \/^ {\C\'^dzi A dzi + ti^'dzi A d^a + z'^^'d^a A dzi + (1 + \z\^)dS,a A d^a) ■ 

Lo can also be viewed as a smooth closed (1, l)-form on £^ . u is strictly positive except at 
E~ and E~^ and it lies in a big class on both £~ and £^. 
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We define 

Obviously, they are smooth Kahler forms on £^ and £^ respectively. We can now relate cD, 
9- and ^+ to Kahler metrics on 8. 

Lemma 2.2. Let u) = \/—lddp + w. Then Co extends to a smooth Kahler form on £. In 
particular, 

Let Pa = (1 + |zp)|Cap. Then by letting [i] = [l,w] G P', we have 

eP = (l + |u;p)e^o. 
We choose a smooth closed nonnegative real (1,1) form r defined by 

Although T is not big, it defines a flat degenerate Kahler form on Lr,, for each [^] G P' as 
shown in the following lemma. 

Lemma 2.3. Let v = {ui, 1^2, ■■-, ^m+i) be defined by 

1^1= m= ioZi, U2 = ri2 = Co^2, ••• , t'm = llnCoZn, t'm+l = VO = Co- 

Then e^" = |i^p and 

r = \/^ (dz^i A dVi + ^1^2 A (iI72 + ... + dum+i A (ii7m+i) 
is the pullback of the flat Euclidean metric on C™^-'^ . Therefore 

(2.13) cblr- = (l + \w\'^)T\r- 

is a flat Euclidean metric flat on LZ. \ E^{c^ £m+i \^ jqj^ j^^ g^^^ |-^j _ [i^^^,] g p'+i. 

We are only interested the local behavior of these forms near the zero section E^ , so we 
define 

(2.14) n = {-oo<p<0} C£-\E- =£+\E+, 
or equivalently in local coordinates, 

e'' = (l + |z|2)|^|2<i. 

Then for each [^] = [^0, ••-,?/] G P', 

(2.15) L-^^nn = {{zi,...,Zm,^o,C2,:;^i) \^j = WjCo, e^" < (l + \w\^)-^} . 
We now compare uj to oj^, uj-^- and oj on each holomorphic leaf L^, ~ C'pm(— 1). 

Lemma 2.4. There exists C > such that on Q 

(1) u <uj^ < Ce-Pu, u <uj+< Ce-PCj, 

(2) Cj\j- =a;_L- , for each [£1 G P' 

(3) Cj\^^ = a;+|^+ , for each [r/] G P™. 

hi [1] 

Proof. The estimate (1) follows from straightforward calculation as a;_ = a) + ^_. The 

equality (2) follows from Cj\r- = w-lr- + 0+\t- = uj-\r- since 9+ vanishes on L,^,. (3) 

^Kl ^Kl ^Kl ^Kl 141 ^ ^ 

follows by the same argument. 

D 
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Finally, we make comparisons among the volume forms induced by cD, a;_, cj+ and uj. 
Lemma 2.5. We use the coordinates in section 2.1. Then 

Cj-m+l+i ^ e™''(l + |z|2)-(™-')(izA(izAdeAde 
(w_)™+'+i = (l + e'')™(l + |zp)-(™~')(izAdzAdeAde 

^ra+i+i ^ e-^p{l + ep)'^{l + \z\'^)-^'^-^'^dz^dz^di^dl 

3. Small contraction by Ricci flow 

In this section, we will prove a special case of Theorem 11.11 when only one P™ with normal 
bundle Opm(— 1)"""^ is contracted by the Kahler-Ricci flow for m > n/2. We will give the 
proof of Theorem 11.11 in section 5.2 in a more general framework of Mumford's quotients, 
while the main idea and technical arguments are contained in the proof of the following 
theorem. 

Theorem 3.1. Let X he a projective manifold o/ dime X = n and let g{t) he a smooth 
solution of the Kahler-Ricci flow for t S [0, T), starting from a smooth Kdhler metric go with 
[go] £ H^'\X,R)nH^{X,Q). Suppose that 

(1) there exists a complex submanifold F™ of X with n/2 < m < n — 2 and normal bundle 

Opm(-l)®("-™); 

(2) the limiting Kdhler class limj_^r[5f(t)] is the pullback of an ample class on the projec- 
tive variety Y from the birational morphism ir : X ^- Y by contracting P™. 

Then the following holds. 

(1) g{t) converges to a smooth Kdhler metric g{T) on X \ P™ in C°°{X \ P™'). 

(2) The metric completion of {X\F"^,g{T)) is a compact metric length space homeomor- 
phic to Y. We denote it by (y, dy) 

(3) {X,g{t)) converges in Gromov-Hausdorff topology to {Y^dx) as t ^ T. 

The rest of section 3 is devoted to proving Theorem 13.11 We first set up the complex 
Monge-Ampere equation associated to the Kahler-Ricci flow on X. Let be a smooth 
volume form on X and let x = Ric(O) = \/^^ddlog Q he the closed (1,1) form in [-fCx]- We 
define 

wt = Wo + tx- 
By the assumption in Theorem 13. 1|, [ujt] is Kahler for all t G [0,T) and [cot] is the pullback 
of an ample class on Y. Without loss of generality, we can choose Q such that uJt is a Kaher 
form for t G [0, T) and ujt is the pullback of the Fubini-Study metric of some embedding 
i : y — )• P^ by a sufficiently large power of [ujt]- Then the complex parabolic Monge-Ampere 
equation associated to the Kahler-Ricci flow (|l.ip is given by 

(3.16) —if = log , ip[t=o = 0. 

The equation ()3.16p has a smooth solution {p{t) £ PSH{X,uJt) for all t £ [0, T). 

The following proposition is well-known and is due to |53 t 1621 HCTl 144] , An elementary proof 
can also be found in [35] (cf. Lemma 2.1). 

Proposition 3.1. Let ip = ip{t) be the solution of /i3.16]) and uj = ujt + \/—ldd(p. There 
exists C > such that for all t G [0, T), 
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(1) M\L^i^x)<C. 

(2) w" < CQ. 

(3) uj > C-^ujT- 

(4) ^s t -)> T, ip{t) converges pointwise on X to ipiT) G PSH{X,u}t) n L°°(X). /n 
particular, f{T) is constant on P™ and a; converges in distribution sense to a Kdhler 
current oj{T) = ujt + \/—lddip{T) on X as t ^ T. 

Using Tsuji's trick ([581 HOl [53]) and the third order estimates ([601 E2])) one has the 
following immediate corollary. 

Corollary 3.1. With the assumptions in Theorem \3.1\ for every compact set K d X\ P™, 
there exist constants CK,k for A: = 0, 1, ...,such that 

\\^\\c''{K) — CK,k, 

where C norm is taken with respect to a fixed Kdhler metric on X. Therefore uj converges 
to a smooth Kdhler metric oj{T) smoothly on X \ P™ as t ^ T. 

Corollary 13.11 reduces the proof of Theorem 13.11 to any sufficiently small neighborhood of 
the exceptional locus P™. Without loss of generality, we can identify a small neighborhood 
of P™ in X by fi defined as in (|2.14p in the normal bundle £~ of P™. 

3.1. Second order estimates for holomorphic foliations. In this section, we will prove a 
partial second order estimates. The original Yau's second order estimate will fail in the setting 
of the Theorem 13.11 since the metric must blow up in the normal direction of P™". Tsuji's trick 
[58] can get a local second order estimates outside the exceptional locus, however, it does 
not produce a quantitive estimate near the singular set. One cannot directly apply the tricks 
in [451 US] because the singular set P*" has high codimension and the maximum principle 
does not work. Our idea is to estimate the evolving metrics of the Kahler-Ricci flow in a 
well-chosen set of directions in the tangent space of each point on X instead of all directions. 
We will use the holomorphic foliation constructed in section 2 (c.f. [38]) so that locally, one 
is able to reduce the high codimensional problem to a codimensional 1 case. Here we exploit 
the algebraic and geometric structure of smooth flips studied in section 2. 

We now can work on the normal bundle £~ = Opm(— 1)®^'+^) for I = n — m — 1. We keep 
the same notations introduced in section 2. By choosing the coordinates (z, ^) appropriately, 
we can start doing estimates on fi defined in (j2.14p and we write E~ ~ P™ be the exceptional 
locus of the small contraction 0_ . 

Definition 3.1. We define for t € [0,T) and p G Q. 

(3.17) H{t,p)=tr^\ {u;{t)\ ){p), 

where p = (z,^) £ £~ . 

Here uj and u;{t) are restricted to LZ. as smooth real closed (1, l)-forms. H can also be 

expressed as 

. , _ uj{t) A a)'" A dvui A dwi A ... A dwi A dwi 

u]^+^ /\dwi Adwi A ... Adwi Adwi 
We compare u}{t) to uj in the fibre of the holomorphic foliation LZ. determined by the (, 

coordinates, or equivalently the fibre of </>+ over [^] E P'. 

We first derive a lemma on the behavior of uj{t) near the boundary of fi. This will allow 
us to apply the maximum principle. 
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Lemma 3.1. H G C°°(17) for all t € [0,T) and p £ Q with 
(3.18) H{t,p) = (1 + |u;|2)-Vl _ (w(t)li- ), 



where p = (z,^) G i5~. Furthermore, 

(1) /or a//t e [o,r), 

supe''-fr(t, •) < oo; 
n 

(2) i/iere exists C > suc/i i/iai /or all t £ [0,T), 

sup ePH{t, •) < C. 

Proof. The equality (13.180 follows directly by definition. Then (1) follows by (1) in Lemma 
El and (2) follows by Corollary EH 

D 

The following proposition is one of the key estimates. 

Proposition 3.2. Let D = ^ — A 6e the linearized operator of equation ^3.16\) . where A 
is the Laplace operator with respect to the evolving metric w(t). Then for all t E [0, T) and 
p £VL, we have 

(3.19) n\ogH{t,p)<iT^{e+), 

where p = {z{p),^{p)). 
Proof. We define 

/= (l + \w\^)H = tT^n 



I=il + \w\')H = tT^^ (u;\^-J. 



It suffices to show that 

D log / < 

since 6+ = \/— l(991og(l + \w\'^) = ^/^^ddlog\^\'^. We break the proof into the following 
steps. 

Step 1. We first make a choice of special coordinates. On fi, we have the standard local 
coordinates with Calabi symmetry section 2, i.e., for each p £ Q, we have at p, {z{p),^{p)). 
Once we fix p, there exists a unique [l,w] = [^] G P' such that p G L7^y 

(a) Near p G Q, we first choose the coordinates {v, w) = {vi, ..., Um+i,wi, ...,wi), where 

as in Lemma 12.31 . We will apply a linear transformation to (I'jw) such that 

X = {xi,X2,...,Xm+i+i)'^ = A~^{u,w)'^. 
Let 

X = [Xl, ...TXm+l), X = {Xm+2^ ■■■^Xm+l+l)- 

We assume that A is in the form of 

A' A" 
Li 

where A' is an (m + 1) x (m + l) matrix and A" is an (m + l) x m vector. Immediately, 

we have 

// 
X = w. 
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(b) Suppose g{t) at {t,p) is given by the following hermitian matrix with respect to 
coordinates (i^, w) 



G 



B' B" 

W^ c 



where B' is an {ra + 1) x {m + 1) hermitian matrix, B" an (m + 1) x / vector. Then 
under the new coordinates x, g{t) at p is given by the following hermitian matrix 



A'GA 



A'^B'A' 



A'^B'A" + A'^B" 



\ 



A"^B'A' + B"^A' A"^B'A" + A"^ B" + B"'^A" + C J 



A'^B'A' 



A' {B'A" + B") 



{A"'^B' + B"'^)A' A"^B'A" + 2Re{A"^ B") + C 



iT, 



(c) We choose a unitary matix ^' such that A' BA' is diagonalized, i.e., 

/ Ai ... \ 
A2 ... 



\ ... A™+i / 



and choose A" such that 



B'A" 



-B" 



since 5' has rank m+1. Therefore under the coordinates x, at (t,p). 



/Ai 




5 









A2 





A 






m+l 



o 



V 



o, 



Zx(m+1) 



(m+l)x/ 



-^"^S'A" + c / 



The matrix representation of r under the coordinates {v, w) is given by 



/, 



m+l 



o 



o, 



lx{rn+l) 



{m+l)xl 

Oi 



xl 



and so its matrix representation under the coordinates x at {t,p) is given by 



V 0«x{m+i) Oiy,i ) ~ y '^^ A! ~^'^A" 
since A' is unitary. Since x" = w and on Lr*, , x" is constant and 

?Tt+l 



ijj\ 



L,,,nf2 



-1 ^ 5jj(ix* ^dxL 



Then at (t,p). 



g\ = diag{Xi,...,Xm+i), t\^- 



'm+l 
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Finally, we arrive at 

i,j=l,...,m+l 

Step 2. Now we calculate D / at (t,p) under the coordinates x. Notice that tL- is a 

m 

constant form \/—l{dxi A dxi + dx2 A dx2 + ••• + dxm+i A dxm+i) and so all derivatives of 
rL- vanish. 

We now apply the Laplace operator A to /. 

m+l+l 

= E 3'' I E 

r,s=l \i,j=l,...,m+l 

m+l+1 



E E 



'K.i "" 



«j 



rs 
m+l+1 



9 rlifjJ 3is,r-s 
r,s=l i,j=l,...,m+l ^ ^ r,s=l i,j,p,q=l,...,m+l 



E E 



9 9ij[r\L 



"Kl 



ig 



''"If- I 'Tpq,rs 
hi]' 



m+l+l 



ni+l+l 



-IlJ %"-+ E E 



U 



5''' ( ^II-^, ) 9^''9pj,s9iq,'. 



E 

ij=l,...,m,+l 



m+/+l 






%+ E E /' -I.S, 

r,s,p,q=li,j=l,...,Tn+l 



«J 



^li[5] ) ^ 9pj,s9iq,-. 



Then 



Dlog/ 

m+/+l 

-(^)-' E E 

r,s=l i,j=l,...,m+l;p,q=l,..., m+l+l 



9^' { Al-, ) 5"%J,s-5.,v + (^)-'|V/|2 



m+l+l 

■W-' E ^ 

r,s=l 



E 



i,j=l,...,m+l;p,q=l,..., m+l+l 



"Kl 



5''' ( ^Il-^j ) 9'"^9pj,-s9iq,r 



E 



«j 



yi,j=l,...,m+l ^ ^ / \j,jr=l,...,m+l ^ 



E 



J^ 



Step 3. The proof of the proposition is now reduced to show that 



m+l+l 

El' E 

r,s=l \ i,j=l,...,m+l;p,q=l,...,m+l+l 



9^^' ( ^L-^, ) 9^''9pj,s9iq,^ 



E 



«j 



^i,j=l,...,m+l ^ I \ j,jr'=l,...,m+l 



E 






We can further assume that g is diagonalized at {t,p) by applying a unitary matrix 

-'(m+l)x(m+l) ^{m+l)xi 



o, 



ix(m+l) 



i?, 



Ixl 
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y 'J' 

with D being a unitary m x m matrix such that D (C — A" B'A")D is diagonal. 

Note that Tf^ = 6ij for i,j = 1, ...,m + 1 and g = diag{Xi, ..., Xm+i+i)- Then 



m+l+l 



E r E 



T\ 



U 



r,s=l \i,j=l,...,m+l j \ jj'=l,...,m+l 



E 



j« 



r=l,...,m+i+l 



j=l,...,m+l 



< 



/ J I / J ^r \"ii,r\ 

jj=l,...,m+l \ r=l,...,m+/+l 



1/2 



1/2^ 



1/2 



E v^i^. 



jj,^i 



. r=l,...,m+i+l 
2 



2^ I 2^ \ Ife/rl 

j=l,...,m+l \ r=l,...,m+i+l 

E '^i I E '^r- -^j Iffn.r 

j=l,...,m+l \r=l,...,m+i+l 



/ 



1/2N 



< 



/ J ^i I I Z^ "r "i \iiii,r 

, j=l,...,'m+l / \ i=l,...,m+l;r=l,...,m+Z+l 



\-l\-l|„_ |2 



< 'I E 

1 r,s=l,...,m+l,;i=l,...,m+l 



'^r "^l \9is,r\ 



ff" ( ^lif^, ) 9^'9pj,s9iq,r- 



E 

ij = l,...,m+l;r,s,p,g=l,...,m,+i+l 

This completes the proof of the proposition. 



Corollary 3.2. There exists C > stic/i /or all p £ Q, and t £ [0, T), 



(3.20) 

where p = {z{p),£,{p)). 
Proof. Let 



tr^l _ iur^)it,p)<Ce-P, 



^[fl 



la 



Je = logtr^i _ (w^- ) + (1 + e)p 



for e > 0. Then for all e G (0, 1), limsupp_^^- J^ = — oo by Lemma [3T| and on il, 

DJ, < 0, 
because of Proposition 13.21 and the fact that 



D 



2\\c |2 



ap = -Alog{l + \z\')\{l + \wn\C, 



-tj:je^ + e+) >o. 
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Applying the maximum principle for J^, the maximum of J^ has to be achieved on dVl. 
Then by Lemma [3TH there exists C > such that for all e G (0, 1) and t G [0, T), 

sup Je = sup Je < SUp I < C. 

n dn\E- dn\E- 

The corollary is then proved by letting e — t- 0. 

D 

We define a holomorphic vector V-^ on $7 by 

d d d 

V- vanishes along E^ and 

\V I? =\V l"^ = eP 
by straightforward calculations. Direct calculations gives the following lemma. 

Lemma 3.2. V^ is tangential to LZ-i for each [^] £ P . The restriction of V- to L^, is a 
holomorphic vector field given by 

(3-21) V.\^ = u,— + 1.,— + ... + 1.^+1— . 

In particular, \v\'^{p) < e^ < 1 when p £ Q. 
We then consider the normalized vector field 

' '"^ j=o,...,i ^^ 

The following proposition gives a useful estimate of the evolving metric in one of the normal 
direction of E~ . The proof is based on a similar idea in [45] . 

Proposition 3.3. There exists C > such that for all t G [0, T) and p £ Q, 

(3.22) C-^u) < uj{t) < Ce-^Pib, 
and 

(3.23) \W.\l{t,p)<Ce-P/\ 
where p = {z{p),^{p)). 

Proof. We break the proof into the following steps. 

Step 1 . We apply the similar argument in the proof of Schwarz lemma |6H HO] . Notice that 
uj{t) = ujt + \/-[ddip with if G C°°(X) uniformly bounded in L'^{X) for t G [0,r). Also 
there exists Ci > such that for all t G [0, T) and on fi, ut > CicD on 17. Then we consider 
the quantity 

L = logtv^{6j) — 2Aip. 

w restricted to Jl is in fact the pullback of a flat metric on C'-"*^^-'"^^-' given by a local 
morphism {S,a, ZiS,j3) for a, (3 = 0,...,/ and i = l,...,m. Then straightforward calculations 
give 

n\L < -Aticui^t) + 2nA < -Ati^{uj) + 2nA 
for sufficiently large ^ > 0. Applying the maximum principle, we have 

tr^(w) < sup tr^(a;) + C 
dn\E- 
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for a uniform constant C > 0. Note that tri^M^uj) is uniformly bounded on di}. Hence tr^{uj) 
is uniformly bounded above and so there exists C > such that 

(3.24) Lo > Coj. 

Step 2. The maximum principle combined with Lemma 12.51 implies that there exists C > 
such that 

(3.25) 6^"^+'+i < Ce~'''cj™+'+\ 

By the estimates (I3.24|) and (I3.25p . there exists C > such that 

tr<i(a;) < Ce'^P 
and so a; < Ce~ ''lo. This completes the proof for estimate (I3.22p . 

Step 3. Let Vq = ^o^ be the holomorphic vector field on Vt. Then Vq vanishes on pQ = — oo 
and |Vb|| = (1 + |'i^P)|CoP = e''". In particular, 

\vAi = {i + \w\^)mi. 

Using the normal coordinates for w, we can show that 

and so 

Dlog ml = -dFolp-' [ml\dVo\l - \^t\Vo\l?) < 0. 
We now define for e G (0, 1), t G [0,T) and p e il., 

where p = (z(p),^(p)). Then 

G, = log/ + log |VblS + e/oo = log \V-\l + logtr^, _ (a;|^- ) + epo- 

For each t G [0,T), G^ is smooth in Q, and it tends to — oo near po = — oo for all e G [0,T) 
by Lemma [3Tl Furthermore, there exists C > such that for all e G (0, 1) and t G [0,T), 



On the other hand. 

By the maximum principle 



sup a < c. 

an 



na = Dlog/ + n log |yolS + enpo<o. 



sup Ge < sup Ge < G. 

n an 

Then by letting e tend to 0, for each p £ Q and t G [0, T) we have 
(3.26) \V^\ltr^i_{u\)<G. 

5'te/) 4- Note that 1^_ is tangential to each L7^^ for [^] G P^ 

|y_| |2 = |y_|2 
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and there exists C > such that for each p ^ Q and t € [0, T), 



\V\^,< 



V- 



"[€1 



\V.\i < 



VL 



^m 



iF^l^tr^i _(a.|^-)<Ce''. 



^[ei 



l«] 



Therefore there exists C > such that 

\W.\l< Ce-P/^ 
uniformly for t € [0,T) and p G il. This completes the proof of the proposition. 

Similarly, we can define a holomorphic vector V+ on ^2 by 

^^ d d d 

using the coordinates rj defined in (j2.9p . V+ vanishes on E'^ and 



D 



We also consider the normalized vector field 



-p/2 



\V. 



+ \Cj 



^"Ij 



j=0 



_d_ 
dVj' 



We now derive the main estimate in this section. 



Proposition 3.4. Let uj{t) be the solution of the Kdhler-Ricci flow on X for t G [0,T). 
There exist 7 > and C > such that for all t G [0, T) and p £ Q, 

(3.27) 



(3.28) 

(3.29) 
(3.30) 



e'tv^\^A^\L-)i^,P)<C, 

e^tr^i + HL+){t,p)<C, 

\W-\l{t,p) + \W+\lit,p)<Ce-p/\ 



e'P{tTc,iuj))Hr^l_ (wl^- )tr^| (w|^+ ){t,p) < C, 



where ^ = C{p) and rj = r]{p) are defined in /i2. 8\) and /i2.9\) . 



Proof. The proof of (|3.28p (|3.29p is the same as that of Proposition 13.31 It suffices to prove 
(j3.30p . Note that cv is uniformly bounded on dil \ E~ . All the quantities involved are 
uniformly bounded on [d^) \ {/9 = 0}. Froin the previous estimates, we have 



-Iddp 



-ia51og(l + |z|2)(l + |u;|2)|eoP > 0- + e+, 



Same calculations for LZ. show that 



nioge''tr<i| _ (w|^- ) < -Ap + tr^(^+) < -tr. 



"[«] 



nioge''tr^l (a;|^+ ) < -tr^ 



and so the estimates (|3.28p and (|3.29p follow by the same argument before. 
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Let H^ = loge^^ (tr^^(w))'^ tr^| _ {uj\^- )tr^| 



^K] 



m 



"H 






ip. Standard calculations show 



that there exists ^ > such that 

niogtr^_^(u;) < AtT^{oj+) + A 
uniformly on Q and for t G [0, T). Then 

□^7 < -(1 - Aj)tTU(^+) + C. 

The estimate ()3.30p follows by choosing 7 > sufficiently small. 



D 



The following corollary shows that the restriction of a;(t) to the exceptional rational curve 
is uniformly bounded above. 

Corollary 3.3. There exists C > such that for all t £ [0, T) and p G E~ , 

(3.31) u{t)\E-<ce.\E^. 

Proof. For any point p G E~ , p G L7^, for each [^] G P' and there exist ei, ..., e^ G TpE~ and 
em+i G TpLZ, such that they form an orthonormal basis of TpLT^, with respect to wl^- . We 
can further assume that 6- is diagonalized at p in TpE~ . Then at p 

oj A (e^)*"-! (ei A el A ... A e™ A e;^) 



^[C] 



(0_)™(eiAeTA...Ae„Ae;^) 
(a;A(6'_)"'-^)(ei AelA... Ae^ Ae;;r) w(em+i Ae^;^) 



(^_)'"(ei A ei A ... A Cm A em) w(em+i A Cm+i) 



"[fl 



+ 



u}{em+i ^ Cm+i) ((6*-)" ^ Ao)) (ei Aei A... ACm ACm) 



.)™(ei A ei A ... A e^ A e^) Lj(em+i A e^+i) 



"Kl 



< 



UJ A 



\m—l 



Au 



(0- 



Au) 



"[«] 



since w vanishes on E . By in Corollary [321 there exist Ci, C2 > such that for all t G [0, T) 
and p G il, 



ti'e_|^_(w|£;-) < 



ujAO'"^-'^ Au 



0™ AcD 



<Ci e^ 



Nm-1^^2 



"[fl 



Aw 



<C2 



"[€] 
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3.2. Proof of Theorem 13.11 In this section, we will develop geometric estimates using the 
analytic estimates from section 3.1 and finish the proof of Theorem 13.11 

Proposition 3.5. Let g{t) he the solution of the Kdhler-Ricci flow on X for t G [0, T) . There 
exists C > such that for all t G [0, T) 

(1) diam{X,g{t)) < C. 

(2) diam{E-,g{t)\E-)<C{T -tfl^. 
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Proof. For (1), it suffices to show that the diameter of Q is uniformly bounded. For any point 
p € fl with coordinates {z,S,), there exist q G E~ and a smooth path jp^q in LZ. U ^ such 
that the length of 7p^g with respect to g{t) is uniformly bounded, using (|3.27|) in Proposition 
13.41 to compare the evolving metrics g{t) to the Euclidean metric a) in C"^^. On the other 
hand, from Corollarv 13.311 the diameter of E~ and so the diameter of di^ in £~ with respect 
to g{t) are both uniformly bounded with respect to g{t). This immediately implies that the 
diameter of in £" with respect to g{t) is uniformly bounded. 

To prove (2), we first note that there exists C > such that for any projective line / in 
E- 



(3.32) Lo{t)<C{T-t) 

by calculating the intersection number [uj{t)] ■ I. Then we can apply the same argument in 
[^ to prove (2) by combining ()3.3ip and (I3.32p . 

D 

The following theorem is an adaption from Theorem 5.1 in [46j . 

Proposition 3.6. Let Ary = {r' < e^'^ < r} for < r' < r < 1. There exist k > 2 and 
C > such that for < r < 1/k 

(1) for any two points p,p' € Ar,2r, there exists a piecewise smooth path 7 G Ar/K,Kr 
joining p and p' satisfying, 

Lg(^t){l) < Cr'^' 
whenever t € [0, T) with < T — t < r^'"^; 

(2) For any two points p,p' G Ar,2r, there exists a piecewise smooth path 7 G Aj./K,Kr 
joining p and p' satisfying 

Lg^T){7)<Cr'^'. 

Proof. First we note that ^^/K.^r <^ ^- Foi" ^W two points p,q £ ^r/2,2r5 ^^ write p = {z, S,) = 
{z,X{l,w)) and q = (z',^') = {X'{l,w')) and let [l,w] = [^] G F^'and [l,w'] = [C] G P'. 
Without loss of generality, we can assume that \z\, \z'\, \w\, \w'\ < 1. This is because we can 
find points qi = p,q2,---,Qk = Q & •^r/2,2r for k independent on r and t such that for each 
pair qi and qi+i, one can find a coordinate chart on an inhomogeneous coordinate system for 
[^] = [l,w] so that \z\, \w\ < I at Pi and Pi+i- We then choose an intermediate point o with 
o = (z, X"^') and 

(l + |z|2)|A"e7Af = r2. 

Obviously, a G -4.^/2,2r ^^^ 



°'P ^ -^[l,z] ^ A/2,2r, 0,q£ Lj^,j n Ar/2. 



2r- 



L^ , and L,-^ n are isomorphic to C^^ and C^^^ blow-up at the origin respectively. Fur- 
thermore, 

rVs < |A|2 < 2r2, r^/8 < jA'l^ < 2r2, r^/8 < \X"\'^ < 2r^. 

Then we can apply Theorem 5.1 in [46 J and conclude that there exist C > and piecewise 
smooth paths 7o,p and 7o,g joining o,p in Lt ^■<r\Aj./K,Kr ^^^ o, q in LZ ^/in^^/K.Kr respectively, 
such that for all t with < T — i < r^", the arc lengths are bounded by 
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This immediately implies that there exists a piecewise smooth path joining p and q in 
Ar/K,Kr with length uniformly bounded by SCr^'^ for some fixed k > 2. This proves (1). 

The estimate (2) follows from the same argument in the proof of (1) by letting t — )• T 
because for fix r > 0, g{t) converges uniformly in C°° on Ar/K,Kr- 

D 

The following corollary immediately follows from Proposition 13.61 and it can be used to 
show that the metric completion of {X \ E~ ) is homeomorphic to Y as the exceptional locus 
E~ is contracted to point as t — )• T. 

Corollary 3.4. Let g{T) he the limiting smooth Kdhler m,etric on Vt of the Kdhler-Ricci flow 
as t ^- T. For any e > there exists tq G (0, 1) such that 

(3.33) dmmg(^T){Br \ {£-}) < e, for all < r < tq, 

where Br = {p £ ^ \ e^ <r}. 

Now we can complete the proof Theorem 13.11 First of all, by the smooth convergence 
of g{t) to g{T) on X \ E~ and Corollary 13. 4^ the metric completion of {X \ E~ ,g{T)) is 
homeomorphic to the blow-down variety Y. It is then straightforward to verify that {X,g{t)) 
converges to (F, dy), the metric completion of {X\E~ ,g{T)) because by Proposition 13.61 and 
the smooth convergence of g{t) on X \ E^ , for any e > 0, there exist 5 > and 7 > such 
that the set {p £ X \ e^ > 5} is an e-dense set both in {X, g{t)) and (Y, dx) for < T — t < 7. 



4. Small resolution by Ricci flow 

In this section, we give two approaches to resolve a family of isolated singularities of a 
normal projective variety using Ricci curvature. It was first shown in |48j for a very special 
family of varieties with Kahler metrics satisfying the Calabi symmetry. It turns out the Ricci 
flow approach seems to be much more canonical because it gives a unique minimal resolution. 

Assume that Y is an n-dimensional normal projective variety with isolated singularities 
pi, ...,Pk- Suppose near each pj, Y is isomorphic to the complex cone over P"^ x p"-"j-i in 
(C{nj+i)x(n-n,) ^^y ^j^g g^g^.^ embedding from P"^- x P"-".-i ^ ^(n,+i)x(n-nj)-i 

[Zo,...,Zn,] X [Wo,...,Wn-n,^l] ^ [ZqWo..., Z,Wj , ...Zn^Wn-n,-l] 

with nj,n — Uj > 2 and Uj ^ n — Uj . Without loss of generality, we can assume Uj > n — Uj . 
There exist two minimal resolutions 

<j)^: X- ^Y 

over pi,...,pf: such that the exceptional locus E^ = (</>_) ^^(pj) is isomorphic to P"j with 
normal bundle Op"j (— 1)®("~"j) and 

<l)+: X+ ^Y 

over pi,...,pk such that the exceptional locus -E^ = (0+)^^(pj) is isomorphic to P"^"j^^ 

with normal bundle C'pn-nj-i(— 1)®*^"^+-'^^ X^ is exactly the flip oi X~ over Y. 
There also exists a non-minimal resolution of Y over pi , . . . , p^ given by 

4>: X ^Y 

with X being the blow-up of X~ and X® along E^ and E^ and (p^^ipj) is isomorphic to 
the exceptional locus Ej = P"j x p"-"j-i. 
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4.1. Resolution of singularities by Ricci curvature. We keep the same assumptions 
and the notations as before. Then we have the following theorem generalizing Proposition 

5.1 in [48]. 

Theorem 4.1. Let g be a Kdhler metric Y such that g is smooth on Y \ {pi, ■■■,Pk} Oind 
near pj, g is the restriction of a smooth Kdhler metric on C'"-'^^^^"""'^' by a local embedding 
induced from the Segre map. There exists eo > such that for any e £ (0,eo), g — eKic{g) is a 
smooth Kdhler metric onY\ {pi,...,Pfc}. Furthermore, there exists a smooth Kdhler metric 
5e on X such that {X,g^) is the metric completion of {Y \ {pi, ...,pj},g — eRic(5f)). 

Proof. Both g and Ric((7) are smooth on Y\{pi, ...,pfc}. So it suffices to prove the theorem in 
a neighborhood of pj . Without loss of genreality, we can assume that Y has only one isolated 
singularity p. Let X~^ be a nonsingular model </>+ : X~^ -^ Y oi Y. Suppose ((/>+)^^(p) = P' 
with m = n — I — 1 and m > n/2, whose normal bundle is 

Op,(_i)®(™+i). 

We now work locally near E^ or simply a neighborhood of the zero section of the normal 
bundle f+ = Opi(-l)®('"+i). 

We keep the same coordinates and notations as in section 2, 

eP = il + \z\^m^ 

Using the local Segre embedding of Y near p into C''"^"'^''"^"'^^ u = \/—ldde'' on Y is 
exactly the restriction of the Euclidean metric on C^'"^^''^'^^). 

The volume form a;" on Y is equivalent to the restriction of w" = {\/—lddeP)"'. More 
precisely, there exist a real- valued function F on y and C > such that 

a;" = e^w", -C<F<C 

since uj and cD are L°° equivalent on c(™-+i)("-™-) and their pullback are both smooth on X^. 
In particular, {(j)^)~^{F) is a smooth function on X'^ by comparing w" and w" using their 
Taylor expansions in S,j and ZiS,j. Both w" and (cD)" have the same vanishing order e^, in 
addition, F is constant on E^ and ^/—IddF is bounded below and above by a multiple of 
6j + 9^. Since the pullback F is also a smooth function on X^ with \/—lddF bounded below 
and above by a multiple of a) + 0-, we conclude that there exists vl > such that 

-Aid < yf^ddF < AGj. 

Then on X \ S, we have 

Ric(w) = Ric(cD) - ^f^ddF = -mO^ - 16+ - V^ddF. 

and 

CO - eRic(w) = w + eimO- + 16+ - V^ddF). 

For e > sufficiently small, u} — eRic{uj) is Kahler on X\£^ and smoothly extends to a smooth 
form on X. By comparing it to the Kahler form 6j + 6^ + 6+ on X , u — eRic(a;) extends to 
a global Kahler form on X. The theorem immediately follows. 

D 
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4.2. Resolution of singularities by Ricci flo'w. In this section, we are going to prove the 
following theorem as a special case of Theorem 11.21 

Theorem 4.2. Let Y be an n-dimensional projective variety o/dim£ Y = n with an isolated 
singularity p. Suppose 

(1) TT : X ^ Y is a resolution of singularities at p with 

TT-^{p) =F\ l<l<n-2. 

(2) the normal bundle o/P' is ©^((-l)®^""') with I < n/2. 

Let go be a smooth Kdhler metric on Y , i.e., gQ is the restriction of a smooth Kdhler metric 
on any local embedding ofY in C'^ for some N. Then there exists a unique smooth solution 
g{t) of the Kdhler-Ricci flow on X for t G (0, T) for some T £ (0, oo] satisfying 

(1) g{t) converges to go on X \ P' in C°°(X \ P'). 

(2) {X,g{t)) converges in Gromov-Hausdorff topology to iY^go) as t ^- 0. 

Since wq is locally the pullback of a smooth metric on C for a local embedding of Y, li;o 
is a smooth closed big and nonnegative (1, l)-form on X. We define 

T = sup{t > I [wo] + t[Kx] is Kiihler on X}. 

Such T G (0, oo] is well defined because Kx is ample on each component of the exceptional 
locus of TT. By choosing a suitable smooth closed (l,l)-form in [i^x]) we can assume uJt = 
Wo + tx is a Kahler metric for each t G (0, T). We define ip{t) by uj{t) = uJt + \^—lddip{t) and 
(^(0) = 0. 

Then [ut] = [w(t)]. We define a perturbed Kahler metric by wo,e = wo + ew+ with CJ4. 
being a fixed Kahler metric on X for e G (0, 1). We then consider the Kahler- Ricci flow on 
X starting with ujq^^. Using the estimates as in |42j . one has the following proposition. 

Proposition 4.1. For each e G (0,1), there exists a unique smooth solution ge{t) of the 
Kdhler-Ricci flow on X starting from wo,e for t G [0, T). Fix T' G (0, T) and let <Peit) be 
defined by 

u,{t) = wo,, + tx + V^ddip,{t), v7,(0) = 0. 
Then there exists C > such that 

ll</'e||L°°{Xx[0,T']) < C 

and for any compact subset K C X \ E 

limsup\\ip, - ip\\ckrKx[0,T']) =0, 

where C^ norm is taken with respect to the fixed Kdhler metric w+ on X . 

An immediate consequence of Proposition 14.11 is the short time existence of the Kahler- 
Ricci flow on X starting with the singular initial Kahler metric wq by the general results in 
[12] . We let X+ = X be a nonsingular model 0+ : X+ —^ 1" of 1" so that X+ is the flip 
of a minimal resolution X~ of Y over p. Then the exceptional locus E~^ = (0+)~^(p) is 
isomorphic to P' with m = n — I — 1 and m > n/2 whose normal bundle is 

0p,(_l)®(™+i). 

Proposition 14. II allows us to work locally near E or simply a neighborhood of the zero section 
of the normal bundle C'p;(— l)'"*"^. We keep the same notations as in section 2. We also let X 
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be the blow-up of X^ along the exceptional locus E^ and let u) be a smooth Kahler metric 
onX. 

Since a;o,e is uniformly bounded above by a fixed Kahler metric a;+ on X'^ , we can apply 
the same argument for Proposition 13.41 and obtain the following proposition. 

Proposition 4.2. Let We(t) be the solution of the Kdhler-Ricci flow on X starting from a;o,e 
for e G (0, 1). There exist 7 > and C > such that for all e G [0, 1), i G [0, T) , p G fi, 

(4.34) e'^tr^l {io,\^- ) < C. 

(4.35) e^tr^l (a;,|^+ ) < C. 

(4.36) \W^\l^ + \W+\l^<Ce-P/\ 

(4.37) e^P {t,„{u:,)V t,^\ {u\ )iv^\ (a;,|^+ ) < C, 



where ^ = S,{p) and r] = r]{p) as in \2. 8\) and \2.9\) . 

By the same argument for Corollary 13. 3H we have the following corollary of Proposition 



Corollary 4.1. Fix T' G (0,T) and let uj{t) be the solution of the Kdhler-Ricci flow on Y 
starting with ojq. There exists C > such that for all t G [0, T') and p G E~^ , 

(4.38) uj{t)\E+<Ce+\E+. 

Proof of Theorem 14.21 Obviously, the metric completion of {X \ E^^go) is iY^go). g(t) 
converges to go smoothly on X \ E'^ as t — )• 0. With the estimates in Proposition 14.21 we can 
obtain analogous geometric estimates as in Proposition 13.51 Proposition 13.61 and Corollary 
13.41 by the same argument. Theorem 14.21 then follows immediately. 

D 

We will prove a useful and general volume estimate below. This will be useful to construct 
global flips in section 4.1. In [42j, it is shown that on an n-dimensional Kahler manifold X, the 
Kahler-Ricci flow has a unique solution starting from a Kahler current ujq G H^'^{X^,R) n 
H'^[X~^,Z) with bounded potential and L^ Monge- Ampere current w" with respect to a fixed 
smooth volume form for some p > 1. Let p' be a global smooth function on X^ \ E~^ with 
p' = p on $7. 

Proposition 4.3. Let a;+ be a Kahler metric on X^ Suppose that loq is the puHback of a 
Kahler current on Y with bounded potential. If 

sup— ^ -— < 00, 

Then the unique solution g{t) of the Kdhler-Ricci flow on X with initial Kahler current ujq 
on (0, T) satisfies 

sup — -;— < 00 

(0,T')xX+ {^+) 

for any T' € (0,r). 
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Proof. X^ is a flip model of a smooth projective variety X~ over E^ ~ P™ given by 
X^ --^ X+. Let a;_ be a sm 
local calculations show that 



X --^ X+. Let a;_ be a smooth Kahler metric on X . Let F = t^\k-, then straightforward 



Jx+ Jx+ Jx- 

for sufficiently small 5 > 0. One can approximate F by a sequence of positive smooth 
functions {Fj}'^^-^ in L^+^{X). 

Let uj'q be a smooth nonnegative closed (1, l)-form in the class of [ojo]. Let a;o,j,e be defined 
by the smooth Kahler form 

Wo,i,e = '^O + '^^+ + V-^ddipoj^e, SUp (/^q J,e = 0, {uJo,j,eT = Cj^eFj{uj+)"- , 

where e £ (0,1) and Cj^e is the normalization constant satisfying Cj^e Jx+ ^ji^+)^ — ["^o + 
ea;_|_]"'. Since loq is big and non-negative, Cj^^ is bounded from above and away from by 
constants independent of j and e. From the uniform bound on the right side, there exists 
C > such that for all j and e G (0, 1), 

\\V^O,j,e\\L'^{X) < C. 

We then consider the smooth solution cvj^eit) of the Kahler- Ricci fiow on X starting with 
uJo,j,e- By |42j, ojj^e{t) converges to the unique solution oj{t) of the Kahler- Ricci fiow on X 
starting with wq, for t G [0,T), as e — )• and j — )• oo. Let be a smooth volume form on 
X+ and X = ^/ —^ddlogQ. Then wtj,^ = woj,^ + tx S [a;j,e(t)] is a smooth family of smooth 
closed (1, l)-forms on X^ . We let (pj^eit) be the solution of 



d , iuJt,j,e + V^ddipj^e] 

— ifj,, = log 



n 



Then V3j^^ € C°°(X+)nPS'F(X+, Wij^,) for t G [0,r). Furthermore, by the estimates in 
93j,e is bounded in L°°{[0, T'] x X+) uniformly for e G (0, 1) and all j. 

We let Hj^^ = log ^ — ^^ — ^V'j.e Then straightforward calculations show that for suf- 
ficiently large A > 

on X+ for all e G (0, 1) and t G [0,r'), where Dj^^ is the linearized operator of the Kahler- 
Ricci fiow with respect to the evolving metrics Wj^e- The maximum principle immediately 

implies that the upper bound for -ti — ^^ is independent on j and e. The proposition is 

then proved by letting j — )• oo and e — )■ 0. 

D 



5. Examples and generalizations 

In this section, we will first strengthen the result of [48] by constructing global fiips using 
the Kahler-Ricci fiow on a family of projective manifolds admitting Kahler metrics with 
Calabi symmetry. Then we will prove Theorem 11.11 and Theorem 11.21 as the generalizations 
of Theorem 13.11 and Theorem 14.21 bv using the constructions of Mumford's quotients. 
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5.1. Flips by Ricci flow. The surgical contractions with Calabi symmetry are extensively 
studied in [10lllllll8]. We first describe a family of projective bundles over P™. We let 

x„,i = p(Op^eOp,n(-i)®('+i)) 

be the projectivization of the bundle £rn,i = Op™ ® Op™ (_i)®{'+i) with P'+^ bundle being the 
fibre. We write n = 7n-\-l + l. In particular, Xmfi is P'"+i blown up at one point. Let D^ be 
the divisor in X^^i given by P(C'pm(-l)®('+^)), the quotient of C'pm(-l)®('+i). We also let 
Do be the divisor in X^^i given by P(C'pm © C'pm(-l)®'), the quotient of Opm ® Opm(-l)®'. 
In fact, N^{Xm,i) is spanned by [Dq] and [-Dqo]- We also define the divisor Dh on Xm,i by 
the pullback of the divisor on P™ associated to C'pm(l). Then 

[^oo] = [Do] + [Dh] 
and 

(5.39) [Kx^,] = -(m + 2)[D^] - {m - 1)[Dh] = -{m + 2)[D^] + (m - l)[Do]. 

In particular, D^ is a big and semi-ample divisor and any divisor a[Df{] + b[Doo] is ample if 
and only if a > and 6 > 0. Hence Xm,i is Fano if and only if m > /. 

Let Em,i be the zero section of TTm,/ : X^^i — )• P"^, which is the intersection of the / + 1 
effective divisors as the quotient of Opm©Opm(— 1)®' with its normal bundle Opm(— 1)®('+^). 
In fact, the linear system |-Doo| is base-point-free and it induces a morphism 

(5.40) ^my.X^^i^F^'^+^W+D-i^ 

^rn,i is an immersion on X„^^i \ E^i and it contracts Em,i to a point. I'm,/) the image of ^m,i 
in p(™+i)('+i)-i^ is a projective cone over P™ x P' in p(™+i)('+i)-i by the Segre embedding 

[Zo,...,Zra] X [Wo,...,Wi] ^ [ZoWo,...,ZiWj,...,ZraWi]GF^"'+^^^^+^^-\ 

Note that Ym,i = Yi^rn- 

The following diagram gives a flip from X^^i to Xi^ for < I < m, 

(5.41) 

Furthermore, Xfn,i and Xi^m are birational to each other. 

We now recall the Calabi ansatz constructed by Calabi [2] (also see [22l HH]) on X^^i- 
We instead consider the vector bundle £m,i = Op™.(— 1)®*-'®^^ in order to apply the Calabi 
symmetry. 

Let 6m,i be the Fubini-Study metric on P™ in C'pm(l). Let h be the hermitian metric on 
C'pm(— 1) such that Ric(/i) = —9m,i- The induced hermitian metric hs^^ on £m,i is given by 
hf , = /i®''®^). Under local trivialization of E, we write 

where h^^ ^ (z) is a local representation for h. Using the inhomogeneous coordinates z = 
{zi,Z2,...,Zm) on P™, we have he^iiz) = (1 + \z\'^). 

We would like to find appropriate conditions for a G M and a smooth real valued function 
u = u{p) such that 

(5.42) u; = aOm^i + V^ddu{p) 
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defines a Kahler metric on Xm,i- The following criterion is due to Calabi [2]. 

Proposition 5.1. uj as defined above is a Kahler metric if and only if 

(1) a>0. 

(2) u' > and u" > for p G (—00,00). 

(3) Uo[eP) = u{p) is smooth on (— oo,0] and Uq{0) > 0. 

(4) Uoo[e~P) = u{p) — bp is smooth on [0, 00) for some b> and U^{0) > 0. 

By the calculations in [48j, if the initial Kahler class is aQlDn] + ^o[-Doo] and evolving 
Kahler class along the Kahler- Ricci flow is a(t)[D//] + b{t)[Doo], we have that 

(5.43) a = a{t) = oq - {m - l)t, b = bit) = bo - (m + 2)t 
and 

(5.44) ^ = log[(a + uTin'yu"] - (l + l)p + ct, 

where the normalization constant ct is given by 

(5.45) Ct = -logu"{0,t) -nogu{0,t) -mlog{a{t) + u{0,t)). 

The constant q is chosen such that ^(0, t) = 0. 

It is straightforward to show that equation (|5.44p admits a smooth solution u satisfying 
the Calabi ansatz as long as the Kahler-Ricci flow admits a smooth solution, by comparing u 
to the solution of the Monge- Ampere flow associated to the Kahler-Ricci flow. The evolution 
equations for u' and u" are given by 

,^ ^^, du' u'" lu" mu" ,, ^, 

ot u" w a + w 

, , du" uW (u"'f lu'" l{u"f mu"' m{u"f 



dt u" (u"Y u' {u'Y a + u' (a + u'Y' 

as can be seen from differentiating (15.441) (see [441I48J). 

The following theorem is proved in [48j , showing that the Kahler-Ricci flow with Calabi 
symmetry contracts Em,i if < Z < m and the total volume does not go to zero as t tends to 
the singular time. 

Theorem 5.1. Let g[t) be the smooth solution of the Kahler-Ricci flow on X starting with a 
Kahler metric with Calabi symmetry. Suppose < I < m and lim sup^^^-p J^ dVolgU\ > 
as the flow develops singularity at t = T > 0. Then g{t) converges smoothly to a Kahler 
metric g{T) on Xm,i\Em,i and the metric completion of {Xm,i\Em,ug{T)) is homeomorphic 
to Ym,i- Furthermore, if we denote (Yjdx) the metric completion of {Xm,i \Em,i-,g{T)), then 
{Xm,i,g{t)) converges to {Ym^i,dT) in Gromov-Hausdorff topology as t^- T. 

Now we will show that the Kahler-Ricci flow smoothes out {Y, dx) instantly. The key 
observation is that the limiting Kahler current g{T) is smooth on the regular part of Ym^i 
and it satisfies the Calabi symmetry on Xi^m \ Ei^m- 

The limiting Kahler metric uj{T) is smooth on X^a^i \ Em,i with bounded local potential. 
Furthermore, its Monge- Ampere current {oj{T))^ is bounded above by a smooth volume 
form on Xm,i by the general theory in |42) and so there exists C > such that {oj{T))^ < 
Cmax(l, e~*^™~')'')(cij/^m,)"' for a fixed smooth Kahler form uji^rn on Xi^. This implies that 
{uj{T))^/{uJi^rn)^ is LP{X, (w/^m)") foi" some p > 1. Therefore we can apply the results in [32] 
and continue the flow on Xm,i weakly starting with uj{T). In particular, the solution becomes 
smooth instantly as t > T. 
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We let g{t) be the unique smooth solution of the Kahler-Ricci flow on Xi^m for t £ (T, T']. 
Since a;(r) satisfies the Calabi symmetry on Xi^^ \ Ei^^, uj{t) can be obtained by a per- 
turbation with Calabi symmetry and hence it satisfies the Calabi symmetry on Xi^m for 
t e (T, T']. We write uj{t) = K{t)9+ + ./-iddu{t, p), where K{t) = (m - l){t - T) and Oi^^n is 
the Fubini-Study metric of P^ in Of,i{\). 

Lemma 5.1. There exists C > such that for all t G (T, T'] and p G (—00,00), 

(5.48) u'(t,/>) < Cmax(l,e^^^+iTT' 



Proof. It suffices to prove the estimate for p < 1 since the solution g{t) of the Kahler-Ricci 
flow converges smoothly to g(T) on X/ ,„ \ Ei^^ as i — )• T~^. First we note that there exists 
C > such that 

(a;(r))" < Cioj^^ir < Cmax(l,e~(™-')^) oji^m- 



Then for t G (T, T'] , by Proposition 14.31 

for t G (T, T'] or equivalently, for p < 0, 

{K{t) + u'yiuTu" < C7e-('"~')''(1 + e'')'e("^+i)''. 
This implies that for p < 1, 

and so 

(i+i)p 

since m(— 00) = 0. 

D 

The following lemma is proved in [48] (Proposition 3.1). 
Lemma 5.2. There exists C > such that for all t G [0,T) and p G (—00,00), 

(5.49) u"{t,p)<Cu'{t,p). 

The following proposition shows that Lemma 15.21 also holds after the singular time. 
Proposition 5.2. There exists C > such that for all t G (T, T'] and p G (—00,00), 

(5.50) u"{t,p)<Cu'{t,p). 

Proof. Let ut^^ = u{T — e) for sufficiently small e G (0,r). Let u)T,e = e^i,m + V—ldduT,e- 
Then ujT,e is a smooth Kahler metric on X; „^ as b{T) is strictly positive. We then consider 
the Kahler-Ricci flow on Xi^^ starting with wr,e- Then for e sufficiently small, there is a 
unique smooth solution uj^ (t) of the Kahler-Ricci flow on Xi ^ for t G [T, T'] starting with 
u}T,e- Since wt.c satisfies the Calabi symmetry, We(t) also satisfies the Calabi symmetry and 

for tG [r,r'],' 

We = Keit)ei^rn + V^Odu^, Ke{t) = E + {m - l){t - T) . 

In addition, u'^ and n^' satisfy the following parabolic equations 

Ke+U' 



du', 
dt 




du'i 
dt 


nil 



..,_.. «)2 m< m«)^ , /< /«r 



{u'lY U'^ «)2 Ke + < (Ke + uQ^ • 
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We then follow the same argument as in |48tl44j. Let H^ = log n" — log u'^. Notice that by 
Proposition I5.H for fixed t G [T, T'] 



v" u" 

lim ^ = 1, lim ^ = 0. 



And so we can apply maximum principle for H^ in [T^T'] x (—00,00). 

dH, 1 I uT> «')2 /<' /«)2 m<' m«)2 



9i Ul' U'! (u'/)2 ^1 (Wt)2 K, + U' (Ave + nl)2 




Suppose that H^{tQ,pQ) = supry_^jjix(_oo,oo) -^e(^'/°) is achieved for some to £ [T,T'], po G 
(—00,00). At (to5/0o), we have 

' < u', ' ' u'l «)2 m'^ ^ «)2 n'/ M^ - 



Then at {t^, p^), 
< 



<^ n" «)2 ^ u', (n02 ^ n^^< u'^ I + J/ 



+ - 



?Ti I u'f u" u'' 



{I + !)< ? + l ? 



(m'J2 y/ (^^ + ^Q2 

Therefore by the maximum principle, i?e(to,a^o) ^ and so there exists C > independent 
of e G (0, 1) such that 

sup H^{t,p) < sup H^(T,p) < C 

[T,T']x (-00, co) (-00,00) 

since H^{T, •) is uniformly bounded by Lemma [5. 21 The proposition is then proved by letting 

D 

We then have the following estimate for the evolving metric of the Kahler-Ricci flow on 
Xi^m after the singular time T, by combining Lemma l5. II and Proposition 15.21 

Corollary 5.1. There exists C > such that 

(5.53) w< C(6l;,^ + cj + e~^^^+H^^w), 

where Co = \/ —Idde^ . 



Proof of Theorem 11.31 We also note that for the smooth solution u){t) = n{t)9i^rn + 
y/^ddu{t,p) for t £ (r,r'], K(t) tends to as t -^ T+. With the estimates (1533)1 . one 
can apply the arguments as in [48j or the proof of Theorem 14.21 to show that {Xi^^, g{t)) 
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converges to {Y, (It) in Groniov-Hausdorff topology as t — )• T+. In particular, the convergence 
is smooth on Xi^m\Ei^rn- This, combined with Theorem 15 -H proves Theorem II .31 bv verifying 
the definition for a surgical metric flip. 

D 

5.2. Complex cobordisms. We first recall the definition of birational cobordisms intro- 
duced by Wlodarczyk [59j. 

Definition 5.1. Let cj) : Xi :--->■ X2 he a birational map between two n- dimensional non- 
singular projective varieties Xi and X2. The birational cobordism is an (n + 1) -dimensional 
variety B = B^[Xi^X2) with an algebraic action of the C* -action satisfying 

(1) the sets 

B~ = {z £ B I lim A • z does not exist) 

B^ = {z £ B I lim A • z does not exist}. 

are nonempty and open; 

(2) there exist quotients of B^ and B^ by the C* -action such that Xi ~ B^ /C* and 

The complex cobordisms can be viewed as an analogue of the cobordism between differ- 
ential manifolds by a Morse function. The 'passing-through' fixed points of the C*-action 
on B~ and -B"*" induces a birational transformation. Such a point of view leads to the fun- 
damental factorization theorem [59], stating that any birational map between nonsingular 
varieties is a composition of blow-ups and blow-downs along nonsingular centers. 

Mumford's quotients can be used to understand a family of flips. We consider the C* 
action on ;B = C™+'^"^ defined by 

C* : (t,(xo,...,x^;yo,-,yO) ^ {X-^'xo, X'^'x^ ..., X-^^Xm] X'^'^yo, ■.., X'^Vi), 
where oq, ... , am, bo, ... , bi G Z+. We define 



B- 



l^f^m+l+2 ^ 1^ ^ Q|^ j^*^ Q+ ^ f^^rn+l+2 ^ |y ^ q|^ ^^* ^ 



Let £^ = B^/C* and £^ = B^/C*. Then the triple {B,£^ ,£^) induces a birational co- 
boridsm. The fixed points of the C*-action on B~ and B^ are weighted projective spaces 
E~ = PT* \ and E~^ = ¥,, >. \. In general, £~ and £~^ have orbifold singularities. From 

now on, we assume that 

g.c.d{ao, ..., aj_i, Cj+i, ..., a^; 60, •••, k) = g.c.d.{ao, ..., a^; 60, •••, bj-i,bj+i, ...bi) = 1 

for all i = 0, ...,m and j = 0, ...,/. 

Examples Let us illustrate how the Mumford's quotients are related to divisorial contrac- 
tions and flips by the following examples. 

(1) When ao = ai = ... = Om = &o = ••• = bi = l,\il = Q, 

£- =Op,„(-l), £+ =C'"+^ 

and if / > 1, 

£- = Op™(-l)®('+l), £+ = Op,(-l)®(™+l). 

The Kahler quotient gives the local model for a flip if </< rn, and for a flop if 
m = / > 0. 
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(2) When ao = — 2,ai = —1 and bo = bi = 1. £^ has two coordinate patches {xq 7^ 
0} = C^/Z2 = and {xi 7^ 0} = C^. Let (21,2:2,2:3) be the orbifold coordinates on 
{xq 7^ 0} with group action (—1, —1, —1) on C^ and {wi,'W2,W3) be the coordinates 
on {xi 7^ 0} = C'^. Then transition functions are given by 

wi = 1/21, tt;2 = 22/21, W3 = 23/21. 

In addition, £^ = Opi(— 2) © C'pi(— 1). This gives an orbifold flip in dimension 3. 

(3) When ao = ai = ... = am = ^ and Yl ^j < in, £~ = ®Opm(— 6^) and <?+ is the flip of 
£~ with orbifold singularities. 

For each coordinate patch Xi 7^ 0, the quotient £^ can be viewed as a subset of a quotient 
of C'pm(— 1)®(-?+^). We consider the following function analogous to the Morse function 

(5.54) e^ = (El^^l'^")(El%f^'^)- 
Similarly as in section 2, we define 

(5.55) n = {{x; y)eB-nB+ \ e'^ < 1}/C*. 
Then we define 

(5.56) uj = V^dde'^, 9^ = V^951og(^ kip/"0, ^+ = V^ddlog{Y^ |%f /''^ 



"3 
9- and ^4_ are smooth orbifold Kahler metrics on P7* n and P,, . n , which can be 

+ (ao,...,am) (ftov.oi)' 

identified as the quotient of the Fubini-Study metrics on P™ and P . 
We now compare smooth metrics on £~ and £^ to uj, 9- and 9^. 

Lemma 5.3. Suppose a;_ and uj^ are smooth orbifold Kahler metrics on E^ n and £^ n Vi 
respectively, then there exists C > such that 

(5.57) L^_ < C{9^ + w), w+ < C(^+ + ti), 

(5.58) a;_ < Ce-'^w, a;+ < Ce^^w. 
Proof. We consider the coordinate patch 



f 1 ™ 

L ^ ' 1=0 



It is isomorphic to the quotient of C™"^^^ by Z^. acting on C™"^ "''"'^ by 

9-.{zo,...,Zi.i,Zi+i,...,Zm,Wo,...,Wl)^{9''''zo,...,9''^-'z,-l,9''^+'Zi+i,...,9^^Zrn,9''^WQ,...,9^'wi) 

for any aj unit root 9. We set 20, ... , 2i_i, 2j+i, 2^, wq, ... , t^i to be the coordinates on 
£m.+i+i satisfying 



1 |2 koP 


u 12 

l~ |2 - ' ""' |7;yJ2 - U;,J2|^ l2boM l7r,|2 - h,,|2|r-|2^'/'*« 


l~^l |a,.|2aoK'-- 


I hm 1 |9„ /„ 1 "'O i/0 \Xt\ ■,---i\uJl\ \yi\ Xj 


Immediately we have 




^/^aa|«;,•|2 = "^^ 


/^a5(|x,|2/-'|y,f/^^-^'' <C7y^^/^aa(|x,|2/">|y,f/^^'^ <Ccu, 







This proves (|5.57p as the same argument applies to a;+. 
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To prove (|5.58p . we use the fact that C'pm(— 1)®('+^) is an orbifold covering of U[' by Zq^. 
Then we can apply the estimate in Lemma 12.41 because uj- is bounded above by a fixed 
Kahler metric on C'pm(— 1)®''+^-*, and the hfting of e , 6- and uj coincide with e'', 9- and cD 
defined in section 2. Then (I5.58P follows as e 6- is bounded above by a multiple of u. 

n 

We now consider the Kahler-Ricci flow on a projective variety X~ and let g{t) be a 
smooth orbifold solution for t G [0,T). Assume the flow develops singularity at i = T < oo 
and limt^Tb(t)] G H^'\X,R) n H'^{X,Z) induces a flip 

(^_ : X" ^ y ^ X" : (/.+ 

of X^ such that the flip over each exceptional locus is isomorphic to a Mumford quotient. 
Without loss of generality, we can assume that there exists only one component for the 
exceptional locus E~ . Then by the general result of j42j , the Kahler-Ricci flow converges 
smoothly to a Kahler metric on X\E~ . We can can localize the estimates in a neighborhood 
of E' and by choosing suitable coordinates. For any point a = [ao, ...,Qm] S IP"!^ ^ ) and 
/3=[/3o,...,A]eF(f,„„..,fe,), we define 

L[^j = {(A'^Oxo,...,A'^'"x™;/3o,...,A) I AgC*, xeC™}/e 

= {(xo,...,x^;A''«/3o,...,A'''A) I A G C*, x e C^j/C*, 
L+ = {(ao,-,«m;A^«yo,-,A'''yz) I AgC*, yGC'+i}/e 

= {(A'^Oao,-,A'^-a™;yo,-,yO | A G C*, y G C'+^l/C*. 

At each point (x; y) with x 7^ 0, y 7^ 0, there exists a unique branch of Lr, and L^, passing 
through (x; y). When ao = ... = am = bo = ... = bi = 1, we simply have 

L[;j=Op™(-l), L+ =Op,(-l). 

On LTg,, suppose /3o 7^ 0, then we can choose coordinates {i>q,i'i, ...^Vm) on the covering 
space of L~ [(3] , such that 

(5.59) |z^i|' = |x.|2/'^'|yo|'/'". 

Direct calculations show that the restriction of u) on L,^, and Lf-. are induced by standard 

Euclidean metrics on C™""*"^ and C^"*^. 



Lemma 5.4. (iL- and w|r+ are fiat for all \B] G Pf, , , and \a\ G P^ 1. 

The holomorphic vector field 

on C™'"^''*'^ induces a holomorphic vector field on £^ Pi il. y_ is tangential to L7„, for all 
[j3] G Pr^ J, 1. For fixed [/3] G PJ^^ ^ 1 with /3o 7^ 0, we choose coordinates {uq, ui, ..., Um) on 
Lrj, as in (j5.59p . and by direction calculations, we have 

m Q 

1=0 * 
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Similarly, on E'^ n il, we define the holomorphic vector field V+ induced by the holomorphic 

vector field 

v^ _i 3 

and V+ is tangential to L^, for all \a\ G P|" ,. After lifting to a cover, we can apply the 

same calculations in section 2, we can show that \V-\^--, = |V"+|? = e^ . We then define 

Proposition 5.3. There exist 7 > and C > such that for all t £ [0, T) , p £ Q with 
{x-y) = {x{p)-y{p))£C^+'+\ 

(5.60) e^iT,,\^^^^{uj\Lj{t,p)<C. 

(5.61) e^tr^l (^|z.(,)(t,p)<C. 

(5.62) |W^-lJ(t)(i,P) + |H^+l'(t)(i,P) < Ge-^/'- 

Proof. The proof proceeds the same way the proof for Proposition 14.21 

D 

Proposition l5.3l immediatelv gives the estimates of evolving metrics in the normal directions 
of E^ and implies a uniform diameter for [X,g[t)). The same argument for Corollarv 13.31 
gives the following estimate for the evolving metric on E~ . 

Corollary 5.2. There exists C > such that for all t G [0,T), 

(5.63) uj{t)\E- <Ce_\E-. 

We can now state the following generalizations of Theorem 13.11 and Theorem 14.21 In 
particular. Theorem 11.11 and 11.21 follow immediately. 

Theorem 5.2. Let X he a projective orhifold of dimcX = n and let g{t) he a smooth 
solution of the Kdhler-Ricci flow for t E [0, T), starting from a smooth Kdhler metric go with 
[go] e H^^^{X,R) n H^{X,Q). Suppose that 

(1) the limiting Kdhler class liraf_j^'j-[git)] is a Cartier Q- divisor which induces a birational 
mophism (/) : X ^ Y from X to a normal projective variety Y ; 

(2) locally (j) : X ^ Y is a divisorial contraction or a small contraction isomorphic to a 
Mumford's quotient. 

Let E he the exceptional locus of (p. Then the following holds. 

(1) g{t) converges to a smooth Kdhler metric g{T) on X \ E in C°°{X \ E). 

(2) The metric completion of {X \E,g{T)) is a compact metric length space homeomor- 
phic to Y. We denote it hy {Y,dT) 

(3) {X,g{t)) converges in Gromov-Hausdorff topology to (y, dr) as t ^ T. 

Proof. We follow the same argument in section 3.2. Proposition 13.51 Proposition 3.6 and 
Corollary 13.41 can be proved because all the computation and estimates can be achieved by 
locally lifting to a copy of C'pm(-1)®('+^). 

D 
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Theorem 5.3. Let Y be a projective variety 0/ dime 1^ = n with isolated singularities 
pi,...,Pk. Suppose 

(1) there exists a flip 0_ : X^ — )• y -^ X^ : 0+ such that (/)+ is a small resolution of 
singularities along pi, ...,pk; 

(2) the flip {X" ,X^) is locally isomorphic to a Mumford's quotient. 

Let E'^ he the exceptional locus o/</)+. Let go be a smooth Kdhler metric on Y, i.e., locally 
go is the restriction of a smooth Kdhler metric on a local embedding of Y in C for some 
C . Then there exists a unique smooth orbifold solution g{t) of the Kdhler-Ricci flow on X 
for t G (0, T) for some T < 00 satisfying 

(1) g{t) converges to go on X \ E+ in C°°(X \ E+). 

(2) {X,g{t)) converges in Gromov-Hausdorff topology to {Y^go) as t ^ 0. 

Proof. The same argument for the proof of Theorem 14.21 apphes since near each pi, ah the 
computation and estimates can be achieved on a local lifting. 

D 

The above arguments can be easily applied for small contractions and flops of Calabi-Yau 
orbifolds if locally the contractions and flops are isomorphic to Mumford's quotients. This 
generalizes the results in j38] . 



6. Blow-up models and a metric uniformization 

In this section, we will apply the results of p^ and ^J to construct the local models of 
the flip. We consider a local model for flips given by 

where £- = C'pm(-l)®('+i) and £+ = C'pi(-1)®(™+^) are defined as in section 2 for < / < 
m. 

We keep the same notations as in section 2. Note that if^ is a sub-cone in C'*"^^-*"^^^ 
induced by the Segre map from P™ x P' to C(™+i)('+i) as in (f277ll . 

Let z = (zi, ...,Z(,„+i')(;_|_i)) be the standard coordinates on C*-™'^^)*-'^^) We consider the 
cone metric g^ on C'-^^^''-'^^' defined by 

= \/^|z|^^"^ {6^^ + (7 - l)|zr^ZaZ^) dZa A (iZ/3. 

Obviously, the restriction of g<y on £ is also a cone metric and it satisfies the Calabi symmetry 
with 

57k- = V^dd{e^n 
since |zp|£-- = e''. 

It is shown in [22j that there exists a unique complete shrinking gradient Kahler-Ricci 
soliton gxR- on £~ such that gxR- satisfies the Calabi symmetry with gxRlE- = ^-- Iii 
particular, the asymptotic cone of gxR- at infinity is given by the cone metric gcone on £~ , 
where gcone = O^/le- for a unique 7 = 7(m, I) E (0, 1). 7 can be calculated using the algebraic 
equation (18) in [22] . 

Then by [22], there also exists a unique complete expanding gradient Kahler-Ricci slotion 
gKR,+ on <5+ such that gKR,+ satisfies the Calabi symmetry with gKR,+\E+ = ^+ and the 
asymptotic cone of gKR,+ at infinity coincides with gcone- 



36 JIAN SONG 

qkr- induces ^(t), a solution of the Kahler-Ricci flow on £~^ for t < 0, and gKR,+ induces 
g(t), a solution of the Kahler-Ricci flow on 8~^ for i > 0, such that 

(1) g{t) converges to gcone smoothly on £^ \ E^ , as t — ;■ 0^; 

(2) g{t) converges to gcone smoothly on f + \ E^ , as t — )• 0"*"; 

(3) {£^ ,p^,g{t)) converges to (<?, gcone) in pointed Gromov-Hausdorff topology as i — )■ 0^ 
for any fixed point p_ G E~; 

(4) (<5+,p+, (7(t)) converges to {S, gcone) in Gromov-Hausdorff topology as t — )■ 0^" for any 
fixed point p+ G E^. 

This immediately implies Proposition 11.11 We conjecture that such a local model for a 
surgical metric flip is exactly the blow-up limit for a global surgical metric flip by the Ricci 
flow. The global surgical metric flip by the Kahler-Ricci flow should be indeed a self-similar 
metric surgery after parabolic Type-I scaling. The small contraction before the singular time 
together with the small resolution after the singular time is modeled on a continuous path 
in pointed Gromov-Hausdorff topology, joining a complete shrinking gradient Kahler-Ricci 
soliton and a complete expanding gradient Kahler-Ricci soliton through the metric tangent 
cone at the singularity formed at the singular time. 
We therefore make the following conjecture. 

Conjecture 6.1. Let </>_ : X~ -^ Y -^r- X^ : (j)^ be a smooth flip of two smooth projective 
m,anifolds. Let g(t) be a sm,ooth solution of the Kahler-Ricci flow on X^ for t G [0,T). 
Suppose liuit-^Tigit)] is the pullback of an ample class on Y, then the Kahler-Ricci flow 
performs a surgical metric flip at t = T. Furthermore, let g{t) be the solution through 
singularities at t = T, then 

limsup(T - t)\Rm{g{t))\gi^t) < oo, limsup(t - T)\Rmig{t))\g(^t) < oo. 

In particular, after suitable parabolic Type-I rescaling, the blow-up limits of g(t) through 
the singular time T is a continuous path in pointed Gromove-Hausdorff topology, joining a 
complete shrinking gradient Kahler-Ricci soliton and a complete expanding gradient Kahler- 
Ricci soliton through the metric tangent cone of the singularities formed at t = T. 

When the exceptional loci of (p- and (/>+ are nonsingular, the solitons that appear as 
the blow-up limit, should live on the normal bundle on the contracted fibre. Conjecture 
16.11 can also be generalized to flips for projective varieties with log terminal singularities 
as there exists a unique analytic solution of the weak Kahler-Ricci flow on such varieties 
|42j . Of course, one does not expect the Type-I bound for the full curvature tensors to hold 
because the underlying variety is already singular, however, one might hope that after suitable 
pointed Type-I parabolic dilations, the flow would still converge to a complete shrinking and 
expanding gradient solitons on the cotangent sheaf of the fibre of (j)- and (/>+ through the 
singular time. 

In the following, we make a speculation on the metric uniformation for all algebraic sin- 
gularities arising from smooth flips. 

Conjecture 6.2 (Metric uniformization for flips). Let (/>_ : X^ -^ Y -(r- X^ : (f)j^ be a 
smooth flip of two smooth projective manifolds. Then at each point y in the singular set of 
Y, p~ G {4)-)~^{y) and p'^ G ((/)+)~^(y), there exist 

(1) a unique complete shrinking Kahler-Ricci soliton g^{t) on A^_ the normal bundle of 
(0_)-Hy)/ortG(-oo,O), 
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(2) a unique complete expanding Kdhler-Ricci soliton g^{t) on N^ the normal bundle of 
(0+)-i(y)/ortG(O,oo), 

(3) a cone metric gy on the tangent cone of Y at y, 

such that {N^,p^ ,g^{t)) converges to {Y,y,gY) as t — )• 0~ and {N^ , p^ , g'^ (t)) converges 
to (y, gy) as t ^ 0^, in pointed Gromov-Hausdorff topology. Furthermore, the converges is 
smooth outside E~ and E~^ , the exceptional locus of (j)^ and (/>+. 



. , continuous metric flip , 

Shrinking gradient soliton g[t) •- Expanding gradient soliton g[t) 



blow-down as i— >0 ^^\ ^^ blow-down as t-^0+ 

Tangent cone 

Conjecture 16.21 can also be generalized to flips of two projective varieties with log terminal 
singularities with suitable modifications. In principle, the Kahler-Ricci flow should lead 
to a metric uniformization for all projective varieties in the following sense. Let X be a 
projective variety with log terminal singularities and positive Kodaira dimension. Then after 
finitely many metric surgerical divisorial contractions and flips by the Kahler-Ricci flow, X is 
replaced by its minimal model and afterwards the Kahler-Ricci flow will eventually converge 
to its canonical model coupled with a unique canonical Kahler metric of Einstein type. In 
particular, each surgery is composed with a complete shrinking and expanding Kahler-Ricci 
soliton through the tangent cone of the algebraic singularities arising from the divisorial 
contraction or flip. The long time behavior of the Kahler-Ricci flow is studied and discussed 
in [101I1I1I121I131[I2]. 
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